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ON THE CARDINALITY OF SETS IN Rd OBEYING A
(POSSIBLY SLIGHTLY OBTUSE) ANGLE BOUND
TONGSEOK LIM AND ROBERT J. MCCANN
Abstract. In this paper we explicitly estimate the number of
points in a subset A ⊆ Rd as a function of the maximum angle
∠A that any three of these points form, provided ∠A < θd :=
arccos(− 1
d
) ∈ (pi/2, pi). We also show ∠A < θd ensures that A
coincides with the vertex set of a convex polytope. This study is
motivated by a question of Paul Erdo¨s and indirectly by a conjec-
ture of La´szlo´ Fejes To´th.
Keywords: combinatorial geometry, effective bounds, obtuse angle bounds,
acute sets, cardinality, criterion for convex position, Erdo¨s, Danzer,
Gru¨nbaum.
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1. Introduction
Let us begin with a simple definition.
Definition 1.1 (Angle bound). For A ⊆ Rd let ∠A denote the smallest
value of θ ∈ [0, pi], such that no triple of points x, y, z ∈ A determine
an angle ∠xyz greater than θ, i.e. x−y
|x−y|
· z−y
|z−y|
≥ cos θ for all x, y, z ∈ A.
For a set A, we denote by |A| ∈ {0, 1, ...,∞} its cardinality. In the
1950s, Paul Erdo¨s raised the following conjecture [6]:
CONJECTURE: If A ⊆ Rd satisfies ∠A ≤ pi/2, then |A| ≤ 2d.
The conjectured bound 2d is obviously sharp, being achieved by the
vertices of the hypercube in Rd. For d = 3 he had advertised the prob-
lem a decade earlier [5], leading to an unpublished solution by Kuiper
and Boerdijk [6]. For d ≥ 3 the conjecture was resolved affirmatively
by Danzer and Gru¨nbaum [3], who established it through a chain of
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remarkable inequalities reproduced in [1]. They also asked the follow-
ing natural question: if the angle bound θ is acute, i.e. θ ∈ [0, pi
2
], what
would be the optimal upper bound for |A| subject to ∠A < θ? Danzer
and Gru¨nbaum had raised a conjecture on this question which was dis-
proved two decades later by Erdo¨s and Fu¨redi [7]. Since then the ques-
tion has remained both interesting and challenging, as e.g. Gerencse´r
and Harangi [10], [11] and Aigner and Ziegler [1] discuss; a significant
stream of research has focused on how large a set A can be while sat-
isfying the strictly acute bound ∠A < pi
2
.
Now what if the angle bound θ is obtuse, i.e. θ ∈ (pi/2, pi)? It seems
well known that any set A ⊆ Rd subject to ∠A ≤ θ must be finite; see
e.g. Otsetarova [14]. Here we address the following natural question:
QUESTION: Given θ ∈ (pi/2, pi), does there exist N = N(θ, d) ∈ N
such that for any A ⊆ Rd satisfying ∠A ≤ θ, we have |A| ≤ N?
To the best of our knowledge, this question remains open. (In the
plane however, the number of obtuse angles determined by a set is
known to grow as a cubic function of its cardinality [2] [9].) In this
paper, we show the answer is affirmative for θ < θd, where
(1.1) θd := arccos
(
−
1
d
)
∈ (
pi
2
, pi)
shrinks to pi/2 as as d → ∞. Moreover, we given an explicit and ef-
fective bound for the cardinality in this case. In a companion work
we exploit this result to attack a conjecture of Fejes To´th, concerning
the placement of a large number of lines through the origin so as to
maximize the expected acute angle between them [13].
Let Hd be the area measure on Sd = {x ∈ Rd+1 | |x| = 1}, and let
ωd = H
d(Sd) denote the total area of Sd, e.g. ω1 = 2pi, ω2 = 4pi. For
η ∈ (0, pi
2
), let fd(η) denote the fraction of S
d covered by generalized
normals to the cone
(1.2) Cu,η := {x ∈ R
d+1 | u · x ≥ |u||x| cos η}
of half-angle η around 0 6= u ∈ Rd+1, so that
fd(η) :=
1
ωd
Hd({x ∈ Sd | x · z ≤ 0 for every z ∈ Cu,η})
=
ωd−1
ωd
∫ pi
2
−η
0
sind−1(t)dt(1.3)
=
(∫ pi
0
sind−1(t)dt
)−1 ∫ pi2−η
0
sind−1(t)dt.
ANGLE BOUNDS LIMITING THE CARDINALITY OF SETS IN R
d
3
Equivalently, fd(η) is the zeroth curvature measure that the cone Cu,η
assigns to its vertex, in the terminology of Federer [8] [15].
Our result is the following.
Theorem 1.2 (Cardinality under possibly obtuse angle bound). Fix
d ≥ 1 and 0 < θ < θd+1 and ηd(θ) := arcsin
(
sin(θ/2)
sin(θd/2)
)
∈ (0, pi
2
). If
A ⊆ Rd+1 satisfies ∠A ≤ θ, then (1.1) and (1.3) yield
(1.4) |A| ≤
1
fd(ηd(θ))
.
Remark 1.3 (Dimensional monotonicity). For fixed θ, our cardinality
bound 1/fd(ηd(θ)) increases with dimension since fd(η) is monotone
decreasing with respect to both η and d: indeed the difference of averages
∂ log fd(η)
∂d
=
(∫ pi
2
−η
0
sind−1(t)dt
)−1 ∫ pi2−η
0
(log sin t) sind−1(t)dt
−
(∫ pi
0
sind−1(t)dt
)−1 ∫ pi
0
(log sin t) sind−1(t)dt
is negative since t ∈ [0, pi] 7→ log sin t is symmetric about pi/2 and
increasing on [0, pi/2].
Example 1.4 (Explicit bounds in low dimensions). If d = 1 then
η1(θ) =
θ
2
and f1(η) =
1
2
− η
pi
so f1(η1(θ))
−1 = 2pi
pi−θ
yields the known
sharp values {2, 3, 4,∞} corresponding to θ ∈ {0, pi
3
, pi
2
, pi}. However
f2(η) =
1
2
(1−cos(pi
2
−η)) yields a bound f2(η2(
pi
2
))−1 ≈ 10.9 worse than
the sharp value 8 attained by the vertices of the cube in R3.
In the next section we will prove Theorem 1.2 using two propositions
which may have independent interest. Proposition 2.1 shows that the
strict inequality ∠A < θd+1 cannot hold unless no point in A ⊆ R
d+1 is
a convex combination of d+2 others. On the other hand, if no point in
A is a convex combination of other points, then A consists precisely of
the vertices of a convex polytope. Proposition 2.4 combines a spherical
diameter-to-radius inequality [4] with the generalized Gauss-Bonnet
theorem to estimate |A| in terms of the angle bound ∠A ≤ θ in this
case.
2. Proofs
Let conv(A) denote the convex hull and int(A) the interior of any
subset A ⊆ Rd.
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Proposition 2.1 (Angle estimates from an interior point of a simplex).
Let d ≥ 2 and let {v0, ..., vd} ⊆ R
d \ {0} be vertices of a d-dimensional
simplex containing the origin. Let wi =
vi
|vi|
. Then
(2.1) min
0≤i<j≤d
wi · wj ≤ −
1
d
and equality holds if and only if conv{w0, ..., wd} is a regular simplex.
Proof. The proposition clearly holds for d = 2: since at least one of
the three angles at the origin must exceed 2pi/3 unless {w0, w1, w2} is
equilateral. We will proceed by an induction on dimension d. Let V =
{v0, ..., vd}, so that conv(V ) is the d-dimensional simplex. If the origin
lies on the boundary of conv(V ), then the induction hypothesis yields
mini 6=j wi · wj ≤ −
1
d−1
. So let us assume 0 ∈ int(conv(V )). Let wi =
vi
|vi|
. We claim W = {w0, ..., wd} also forms vertices of a d-dimensional
simplex containing the origin in its interior. To see this, observe
0 ∈ int(conv(V ))
⇐⇒ for every i, vi = −
∑
j 6=i
λjvj for some λj > 0
⇐⇒ for every i, wi = −
∑
j 6=i
λjwj for some λj > 0
⇐⇒ 0 ∈ int(conv(W ))
which proves the claim, and gives ai > 0 such that
∑d
i=0 aiwi = 0.
Without loss of generality assume a0 = mini{ai}, a1 = maxi{ai}. Set
bi =
ai
a0
, so that w0 = −
∑d
i=1 biwi. Now we claim:
min
1≤i<j≤d
wi · wj ≥ −
1
d
implies w0 · w1 ≤ −
1
d
.
To see this, observe
w0 · w1 = −
d∑
i=1
biw1 · wi
≤ −b1 +
1
d
d∑
i=2
bi
≤ −b1 +
1
d
d∑
i=2
b1 = −
b1
d
≤ −
1
d
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since b1 ≥ 1. We have shown (2.1), and in view of the above inequalities,
we see that equality holds in (2.1) if and only if wi · wj = −
1
d
for all
1 ≤ i < j ≤ d and b1 = 1, that is
∑d
i=0wi = 0. By taking dot product
with wj , j 6= 0 on the last identity, we conclude that equality holds
in (2.1) if and only if wi · wj = −
1
d
for all 0 ≤ i < j ≤ d, that is,
conv{w0, ..., wd} forms a regular d-dimensional simplex. QED
Corollary 2.2 (Deciding when points lie in convex position). Let d ≥ 2
and A ⊆ Rd. If ∠A < θd := arccos(−
1
d
), then A consists of the vertices
of a convex polytope (not necessarily d-dimensional).
Proof. If not, there exist v ∈ A and {v0, ..., vk} ⊆ A \ {v} which
forms vertices of a k-dimensional simplex such that v ∈ conv{v0, ..., vk}
by Carathe`odory’s theorem. Proposition 2.1 then yields i, j such that
∠(vi, v, vj) ≥ θk ≥ θd, a contradiction. QED
To derive the desired cardinality bound for convex polytopes, we use
the following spherical version of Jung’s Theorem [12] relating diam-
eter to radius bounds in flat space, established on the unit sphere Sd
equipped with its standard round metric by Dekster [4, Theorem 2]:
Theorem 2.3 (Dekster, 1995). Let R ∈ (0, pi
2
). If H ⊆ Sd satis-
fies diamH ≤ 2 arcsin
(
sin(θd/2) sinR
)
, then H can be contained in
a closed ball of radius R in Sd. Here sin(θd/2) =
√
d+1
2d
from (1.1).
Proposition 2.4 (Cardinality bound for convex polytopes). Let d ≥ 1
and 0 < θ < θd. If V = {v1, ..., vn} consists of the vertices of a convex
polytope conv(V ) ⊆ Rd+1 with non-empty interior and satisfies ∠V ≤
θ, then n ≤ 1
fd(η)
with η = ηd(θ) = arcsin
(
sin(θ/2)
sin(θd/2)
)
.
Proof. For κ ∈ (0, pi
2
) and u, v ∈ Rd+1, use (1.2) to define a family of
cones v+Cu,κ ⊆ R
d+1 with vertex v, direction u 6= 0, and half-angle κ.
Now consider any of the given vertices vi; by translating the polytope
we may assume vi = 0. By dilating λV with sufficiently large λ > 0
we also assume that only those edges emanating from vi = 0 meet S
d,
and set H ⊆ Sd to be the intersection points of those edges with Sd.
Notice ∠V ≤ θ implies diamH ≤ θ, hence Dekster’s theorem implies,
with η in place of R, that H (and hence V ) is contained in the cone
vi+Cui,η for some unit vector ui. Since the conclusion is invariant under
translations and dilations, we deduce there exists unit vectors u1, ..., un
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such that
(2.2) conv V ⊆
n⋂
i=1
vi + Cui,η.
Let fi denote the fraction of S
d occupied by the generalized normals to
conv(V ) at vi:
fi :=
1
ωd
Hd({x ∈ Sd | (x− vi) · (z − vi) ≤ 0 for every z ∈ conv V }).
Then ∑
fi = 1,
an intuitive fact which can also be seen as a consequence of, e.g., Fed-
erer’s generalization of the Gauss-Bonnet formula, which asserts that
for any convex body the zeroth curvature measure of the entire convex
body is unity, coinciding with its Euler-Poincare´ characteristic [8]; in
the case of a convex polytope conv(V ), the zeroth curvature measure
vanishes except at the vertices of the body, and assigns mass fi to vi.
Now by the covering property (2.2), we have
(2.3) 1 =
n∑
i=1
fi ≥
n∑
i=1
fd(η) = nfd(η),
whence n ≤ 1/fd(η). QED
Proof of Theorem 1.2. Let A ⊆ Rd+1 satisfy ∠A ≤ θ < θd+1. We
may assume that A is not contained in any d-dimensional hyperplane,
since otherwise we may apply an induction on dimension using the
monotonicity of d 7→ fd(ηd(θ)) established in Remark 1.3. Then by
Corollary 2.2, A is the set of vertices of a (d + 1)-dimensional convex
polytope, and the theorem follows from Proposition 2.4 and θd+1 < θd.
QED
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